We estimate, for the first time, the distribution of standing magnetopause surface wave (also called Kruskal-Schwartzschild mode) frequencies using models of the magnetosphere and magnetosheath applied to an entire solar cycle's worth of solar wind data. Under non-storm times or northward interplanetary magnetic field (IMF), the most likely fundamental frequency is calculated to be 0.64
Introduction
Ultra-low frequency (ULF) waves in the Pc5 (2-7 mHz) range play a significant role in the mass, energy, and momentum transport within the Earth's magnetosphere e.g. through drift and bounce resonances with electrons in the outer radiation belt [Claudepierre et al., 2013; Mann et al., 2013] . Thus it is desirable to be able to predict the locations of magnetospheric ULF waves and, perhaps more importantly, their frequencies under the full range of solar wind conditions. A number of resonantly excited ULF wave modes are known including: Field Line Resonances (FLRs), standing Alfvén waves on local field lines fixed at their ionospheric ends [e.g. Southwood , 1974] ; and global cavity or waveguide modes, radially standing fast mode waves trapped between magnetospheric boundaries [e.g. Kivelson and Southwood , 1985] .
In ideal magnetohydrodynamic (MHD) theory, a stable propagating surface wave of the magnetopause consists of two evanescent magnetosonic waves, one on the magnetosheath and the other on the magnetospheric side, which are tied together with boundary conditions [e.g. Pu and Kivelson, 1983] . Far down the magnetospheric flanks, surface waves of the boundary can become unstable due to the large velocity shear resulting in KelvinHelmholtz surface waves and vortices [e.g. the review of Johnson et al., 2014] . KruskalSchwartzschild (KS) modes, on the other hand, consist of two stable propagating surface waves (propagating parallel and antiparallel to the geomagnetic field) which reflect at the northern and southern ionospheres [Plaschke et al., 2009a] . The superposition of these two surface waves results in a standing surface wave of the magnetopause, as illustrated in Figure 1 . KS modes are thought to only exist around the subsolar magnetopause: the tent with global modes but showed agreement with the expected frequencies of KS modes, shown theoretically to be proportional to the solar wind speed.
However, estimates of KS mode eigenfrequencies to date have been applied either to typical conditions or only a small number of events. Furthermore, the calculations have used highly simplified box models of the magnetosheath-magnetosphere-ionosphere system whereby the plasma quantities have been assumed spatially constant and the effects of the magnetosheath flow ignored. While more sophisticted methods of eigenfrequency estimations have been developed for standing Alfvén waves [e.g. Wild et al., 2005] , these have yet to be suitably modified and applied to KS modes.
It should be noted that the estimated frequencies of standing magnetopause surface waves are somewhat similar to a set of frequencies first reported by Ruohoniemi et al.
[1991] from HF radar observations at Goose Bay. Samson et al. [1991 Samson et al. [ , 1992 invoked the waveguide mode theory to explain these discrete, supposedly stable (over a number of hours) frequencies of about {1.3, 1.9, 2.6-2.7, 3.2-3.4} mHz±5%. This frequency set has since been nicknamed CMS (Cavity Modes of Samson et al. [1991 Samson et al. [ , 1992 ) frequencies. The authors also noted, however, that spectral peaks were sometimes observed at 0.6-0.8 mHz, which could not be explained by the waveguide theory.
While Samson et al. [1991 Samson et al. [ , 1992 proposed the CMS frequencies as eigenfrequencies of the magnetosphere, given the variability of the system it is not clear why persistent discrete ULF frequencies should exist [e.g. Walker et al., 1992] . This has lead to another nickname for them: "magic" frequencies. They have proven controversial since statistical surveys have yielded conflicting results as to their existence and variability. Fenrich et al. [1995] showed preferential frequencies in occurrence distributions from radar observations, X -6 ARCHER ET AL.: STANDING MAGNETOPAUSE SURFACE WAVES Chisham and Orr [1997] demonstrated persistent frequencies in ground magnetometer (GMAG) occurrence distributions, Francia and Villante [1997] and Villante et al. [2001] reported discrete enhancements in average GMAG power spectra, and Kokubun [2013] presented the predominance of some frequencies in Pc5 waves observed by the Geotail spacecraft. In contrast, Baker et al. [2003] reported a continuum of pulsation frequencies in occurrence distributions from GMAG data with no preferential eigenfrequencies and Rae et al. [2012] showed no enhancements at discrete frequencies present in median GMAG power spectra. Furthermore, Ziesolleck and McDiarmid [1995] and Clausen and Yeoman [2009] reported only possible slight preferences for some frequencies in Pc5 occurrence distributions from GMAG and Cluster data respectively; and Mathie et al. [1999] showed prominent discrete frequencies in GMAG data but found no evidence supporting their day-to-day stability. The reported discrete frequencies, where found, in all these studies are not even in agreement with one another (see Figure 2) . It is perhaps difficult to reconcile all of the studies, however, since they used different datasets taken at different locations with factors such as magnetic local time, L-shell and solar wind conditions not always taken into account.
An alternative interpretation to preferential discrete frequencies in the magnetosphere was provided by Kepko et al. [2002] and Kepko and Spence [2003] . They argued through simultaneous observations of highly correlated, monochromatic solar wind density and magnetospheric magnetic field fluctuations that, rather than being inherent to the magnetosphere, these frequencies are due to typical length scales in the solar wind directly driving waves. Viall et al. [2009] occurred more often than others. Using simultaneous observations spanning 10 years, they reported that similar discrete frequencies were excited in the magnetosphere 54% of the time that they occured in the solar wind. Curiously, however, the set of predominant magnetospheric frequencies did not exactly match the solar wind set.
Overall, it is not undisputed that persistent, stable "magic" frequencies of magnetospheric ULF waves do indeed exist and certainly the significance and stability of these frequencies, should they exist, are in question. Since KS modes have been suggested as a possible source of "magic" frequencies [Plaschke et al., 2009a ] (whereby we use this term henceforth to indicate frequencies broadly similar to but not necessarily exactly equal to the CMS set) it is of interest to theoretically estimate the distribution of their frequencies under different solar wind conditions. In particular, the KS mode frequency distribution will reveal whether or not this ULF mode has a most likely set of eigenfrequencies and will quantify how variable these should be in general. Thus in this paper we perform time-of-flight calculations applied to more sophisticated models of the magnetosphere and magnetosheath than previous studies in order to estimate, for the first time, the distribution of KS mode eigenfrequencies over an entire solar cycle. We also investigate what parameters primarily control the possible occurrence and frequency of these wave modes, determining the physical explanation for these dependences. at the bow shock nose. There were 1,262,690 datapoints during this period. To estimate the frequencies of KS modes, we combine a number of physics-based and semi-empirical models of magnetosheath and magnetospheric properties which are summarised in Table 1. These models are applied to the subsolar magnetopause field line (also known as the last closed field line) from the T96 magnetospheric magnetic field model [Tsyganenko, 1995; Tsyganenko and Stern, 1996] . While the KF94 [Kobel and Flückiger , 1994 ] magnetosheath magnetic field model contains a different explicitly defined boundary to T96, we connect them together through the solar zenith angle. Furthermore, in the polar cusps the magnetic field and density are interpolated between the magnetosheath and magnetospheric values as a function of geocentric distance from the extrema (triangles in Figure 3) to 60% of this distance [c.f. Lavraud et al., 2004] . We also reduce the magnetosheath flow speed to zero within 10% of the distance from the extrema.
KS Mode Calculation
In this paper we estimate the fundamental frequencies of KS modes at the subsolar magnetopause, assuming that their wavevectors k = k µ µ + k ν ν + k φ φ (where µ is along the T96 geomagnetic field, ν is normal to the field line pointing outwards and φ is the usual azimuthal direction) have vanishing azimuthal component i.e. k φ = 0, such that the surface waves do not propagate downtail (see section 5.1 for more discussion). Using incompressible MHD, the local dispersion relation for a magnetopause surface wave is given by [c.f. Plaschke and Glassmeier , 2011] (
where the subscripts msh and sph correspond to the magnetosheath and magnetospheric sides of the boundary respectively, ρ = m p n is the mass density assuming a purely proton composition, u is the velocity, v A is the Alfvén speed, θ B is the magnetic shear angle between the magnetosheath and magnetospheric fields, and ω is the angular frequency of the wave. While we account for the Doppler effect of the magnetosheath flow, we assume that velocities inside the magnetosphere are negligible. Since Equation 1 is quadratic, there are two analytical solutions to the phase speed ω/k µ = c ± , corresponding to waves propagating parallel (+) or antiparallel (−) to the geomagnetic field. Using the T96 model, we determine positions along the subsolar magnetopause field line and compute the two phase speeds at each point using the models given in Table 1 . A worked example is given in Figure 3 .
Since standing waves must consist of both parallel and anti-parallel propagating waves which reflect at the northern and southern ionospheres (see Figure 1) , if the propagation direction of either of these waves is reversed in Earth's rest frame at some point along the field line (due to the magnetosheath flow) then KS modes will be unsupported. When possible, we arrive at the fundamental KS mode frequency f KS using the time-of-flight
where ds is a differential line element along the field line. We assess the validity of these calculations given the models and assumptions used in section 5.1.
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Occurrence
We investigate the conditions which control the occurrence of KS modes by plotting histograms of the fraction of the time that they were unsupported (due to a reversal of the phase speed by the magnetosheath flow making the surface wave unable to reach its target ionosphere) as a function of the model inputs. Overall, KS modes were allowed 61% of the time, corresponding to 765,553 computed frequencies. We find that the main controlling parameter of KS mode occurrence is the dipole tilt angle, as shown in Figure 4 (left). For small tilt angles KS modes are largely allowed, whereas they are generally unsupported at large tilt angles. Furthermore, it is the parallel propagating wave which is reversed for positive dipole tilts and the antiparallel wave for negative tilts.
Here we try to understand this dependence on dipole tilt theoretically. From Equation 1 it follows that KS modes are unsupported due to the reversal of either the parallel or antiparallel wave by the magnetosheath flow if at any point along the field line
where the subscript sw refers to the solar wind, P dyn = ρu 2 is the dynamic pressure, P B is the magnetic pressure and we introduce the parameter δ which becomes negative when one of the waves is reversed. The Spreiter et al. We have separated all the computed frequencies by geomagnetic activity using a Dst threshold of −10 nT, close to the median value, to distinguish between storm (grey; 393,958 datapoints) and non-storm (black; 371,595 datapoints) times. In addition we separate all the frequencies under northward (red; 287,266 datapoints) or southward (blue;
478,287 datapoints) interplanetary magnetic field (IMF). The distributions show the correctly normalised probability density functions (PDFs) i.e. the probability that f KS was between f and f + df is given by P DF (f ) df such that the area under each PDF is unity.
We find that under non-storm times or northward IMF the most likely frequency is The distributions are highly skewed, as evidenced by the medians being larger than the modes in all cases. Indeed, this must be the case since negative frequencies are not possible. In fact, the distributions shown in Figure 5 can be fairly well modelled as log-normal (not shown).
It is clear that all the distributions show significant spread as evidenced by their interquartile ranges (IQRs). This spread, which is of the order of ±0.3 mHz in the cases of
non-storm times or northward IMF and much larger otherwise, is an order of magnitude greater than the variability or stability suggested by proponents of "magic" frequencies [e.g. Samson et al., 1991 Samson et al., , 1992 . Therefore, while we quote a most likely frequency of 0.64 mHz, frequencies outside this range should often occur. For instance in our model distributions 0.64 mHz is only 35% more likely than either 0.5 mHz or 0.8 mHz during non-storm times, but ∼30 times more likely than 0.1 mHz or 1.5 mHz.
We also wish to understand the time variability of KS mode frequencies. We therefore construct waiting time distributions for absolute changes in f KS greater than some threshold percentage. Fitting these to a negative exponential distribution, we find that 20% changes (used here since it is greater than the presumed accuracy of the calculations as discussed in section 5.1) in the frequency occur after a characteristic timescale of 48 min. Increasing the frequency change threshold by successive 10% increments results in factor ∼1.75 increases in the characteristic waiting times. We thus conclude that KS mode frequencies are relatively stable over the time of wave propagation.
Dependences
To ascertain whether the KS mode frequency is predominantly an average phase speed or field line length effect, we plot bivariate histograms of f KS against the reciprocal of the field line length S ≡´ds and the average phase speed c ± ≡ 2Sf KS in Figure 5 (top right). The average phase speed was found to be typically ∼1.3 times larger than the phase speed at the nose, used in previous frequency calculations [Plaschke et al., 2009a; Plaschke and Glassmeier , 2011; Archer et al., 2013b] . Since the correlation coefficient is susceptible to skewness and outliers, we use the correlation median estimator R [Pasman and Shevlyakov , 1987; Falk , 1998 ] to assess the dependences. While both the field line
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The average phase speed can be thought of as a mean weighted by the time-of-flight of the wave, thus we introduce a generalised weighted average given by
and determine which of the magnetospheric or magnetosheath Alfvén speeds (where only the component of the latter along the geomagnetic field line is used) is most important in prescribing f KS . The bivariate histograms of these are also shown in Figure 5 (top right) revealing high correlation in both quantities, though the magnetosheath Alfvén speed correlates better hence KS mode frequencies are slightly more dependent on magnetosheath properties than those in the magnetosphere.
Figure 5 (bottom) shows the bivariate histograms of f KS against the input parameters (from 0.5-99.5%) to our calculations. We find that the KS mode frequency depends most strongly on the solar wind speed, disturbance storm time index (Dst) when negative and southward component of the IMF. All other variables correlate poorly and the slope of the medians (black) are small for the majority of the data, indicating little dependence.
We perform a multiple linear regression on the fundamental KS mode frequency, where we normalise the input parameters x i by subtracting their median values and dividing by the interquartile range i.e.
where a 0 is a constant. The coefficients a i of the regression give a measure of the partial derivative of the frequency (keeping all other variables fixed) to each variable whereas the previous correlations relate to the total derivatives. The resulting regression coefficients (as well as the normalisations) are shown in Table 2 . While the residuals of this linear model are comparable to the spread of the distribution of f KS and thus should not be used to estimate the frequency, it does nonetheless reveal the relative dependences of the inputs on the frequency. Again we see that southward IMF, the solar wind speed and the Dst index affect f KS the most, with all other variables having order of magnitude smaller coefficients.
Interpretation
Here we interpet the physics governing the dependences discovered in the previous section.
u sw dependence
Archer et al.
[2013b] also discovered a dependence of expected KS mode frequencies on the solar wind speed for 130 subsolar magnetosheath jet events, with this high correlation being an effect of the phase speed at the nose (the assumed constant phase speed over the entire field line). The phase speed of a surface wave at the magnetopause nose is given by 
Validity of calculations
Here we discuss the validity and accuracy of our KS mode fundamental eigenfrequency calculations, in particular how known effects not captured in this study may affect our results. These are summarised in Table 3 .
Firstly we assess the dependence of the computed frequencies on the specific magnetosheath and magnetospheric model quantities used in this paper through sensitivity tests The time-of-flight technique used in this paper essentially relies on the WKB approximation to the solution of the full wave equation. However, since the wavelengths in consideration for the fundamental eigenfrequency are comparable to or larger than, for example, the scale size of density and magnetic field variations along a field line (e.g. Figure 3 ) this is not strictly justified [Singer et al., 1981; Schulz , 1996] . This effect has been shown to be small, but not negligible, for FLRs applied to similar models to those here through numerically solving the full wave equation in the model geometry [Wild et al., 2005] . Thus the use of time-of-flight analysis in this study is appropriate, but may 
where primes indicate the spatial derivative along the field line. This correction factor alters our frequency calculations by +15 ± 4% i.e. a reasonably systematic effect on our results.
On a similar note, the time-of-flight calculations were applied to a local dispersion relation whereas the magnetopause field line is clearly curved. Singer et al.
[1981] derived a wave equation, applied to standing Alfvén waves, in a generalised magnetic field geometry through the introduction of a geometry-dependent scale factor h α , the relative normal distance between field lines given some initial displacement vector. It can be easily shown from the resulting wave equation that while these spatially varying h α factors affect the amplitudes and damping rates of waves, it has no effect on the phase and thus the wave frequency. Therefore our calculations are not changed by this consideration.
The surface wave dispersion relation used in this study (Equation 1) assumes there is no azimuthal component to the wavevector. This is justifiable because a surface wave with a significant azimuthal component to their group velocity ∂ω/∂k will be convected tailward down the flanks by the fast magnetosheath flow (see Figure 1 ). As discussed in the introduction, standing surface waves are likely not possible away from the subsolar magnetopause though KS modes may be supported with some azimuthal propagation.
We therefore assess the change in the total surface wave phase speed at the magnetopause
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nose by introducing a small k φ , finding this has little effect (−0.5 ± 0.4% for k φ = 0.1k µ ) on our results.
Our calculations also assume plasma incompressibility, however Plaschke and Glassmeier [2011] showed that this isn't strictly valid at the magnetopause using typical conditions. We assess the validity of the incompressibility assumption here using the parameter
whereby incompressibility is valid if Plaschke and Glassmeier , 2011] . Using the results of our analysis, this is estimated at each point along the field line as
The sound speed c s is computed in the magnetosphere by assuming a plasma β of 0.15
[e.g. Phan et al., 1994] and in the magnetosheath by pressure balance i.e. the magnetosheath thermal pressure is given by (1 + β sph ) × the magnetic pressure of T96 minus the magnetic pressure of the KF94 draping model. [1993], we find that plasma depletion should modify our calculations by +60 ± 20%.
However, this process should only be prevalent ∼1% of the time overall (θ B < 30 • and Combining all of these effects on our calculations, we estimate that the overall accuracy of the results presented here is +4 −19 %.
Implications
The results of our calculations provide a database of expected fundamental frequencies of standing magnetopause surface waves, given the magnetospheric and solar wind conditions at each time. The possible eigenfrequencies of the magnetopause at any given time thus correspond to integer multiples of this fundamental frequency f KS i.e. the harmonics of the KS modes are qf KS where q ∈ N. Using the most likely frequency under both northward IMF and non-storm times, this corresponds to {0.6, 1.3, 1.9, 2.6, 3.2...} mHz thus the proposition of Plaschke et al. [2009a] that the reported discrete CMS or "magic" frequencies could be due to the eigenfrequencies of KS modes seems plausible.
However, our distributions of f KS (Figure 5 top left) exhibit much larger spread (of order 50%) than suggested by the proponents of such persistent discrete frequencies (5%).
It is evident in Figure 2 significant range of frequencies for the higher harmonics (the first 7 are shown). Indeed, the error bars in Figure 8 indicate the interquartile ranges of the first 7 harmonics of KS modes from our non-storm time calculations, revealing much overlap in frequency between the different harmonics. We therefore wish to understand what effect the significant spread in the fundamental frequency would have on observational statistics. We use two different simple methods to approximate the distributions of pulsation frequencies due to KS modes that could potentially be observed:
1. Assume that the first 7 harmonics are present at all times 2. Randomly choose just one of the first 7 harmonics at each time Both of these methods produce pulsation frequency distributions (shown in Figure 8) whereby the most likely fundamental frequency of 0.64 mHz shows a prominant peak, whereas no further significant peaks are found i.e. the overtones of the most likely fundamental eigenfrequency are not apparent in these occurence distributions. Therefore, if the most likely KS mode eigenfrequencies under non-storm/northward IMF times do indeed correspond to the "magic" frequencies (which we do not purport to have proven here), then our results suggest that occurrence distributions of Pc5 pulsation frequencies (note that frequencies lower than ∼1 mHz are in general extremely difficult to measure) would actually result in a continuum, such as that reported by Baker et al. [2003] , rather than displaying prominent discrete values. If statistics are poor, however, and therefore do not cover the full range of solar wind conditions, then distinct peaks may emerge. This might be the reason why such frequencies have been found in some but not all studies and why the precise values of these frequencies when found also differ from study to study.
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It should be noted that our distributions make no predictions on whether KS modes will actually be present at the subsolar magnetopause at any given time. Such a statement would require consideration of some particular driver for this eigenmode such as localised magnetosheath jets [Archer et al., 2013b] . If such a driver existed at some time, then the KS modes should be excited at one of the harmonics of our calculated fundamental frequency f KS or a combination thereof. Future work will investigate whether KS modes at such frequencies are indeed excited, carefully taking into account their drivers and precluding any other possible sources of waves at those frequencies. Such work will thus validate our model calculations.
Conclusions
In this paper we have presented the first estimates of the distribution of standing magnetopause surface wave frequencies using the time-of-flight technique [e.g. Wild et al., 2005] applied to combined models of the magnetosphere and magnetosheath. We find that the most likely frequency during non-storm times or under northward IMF is 0.64
−0.12 mHz, consistent with the fundamental frequency of ∼0.65 mHz proposed by Plaschke et al.
[2009a] from the approximate regularity of observed oscillation periods of the boundary.
However, the distributions exhibit a large amount of spread, an order of magnitude greater than that suggested by proponents of persistent, stable "magic" magnetospheric ULF frequencies [e.g. Samson et al., 1991 Samson et al., , 1992 . Indeed, we find that the spread is sufficient Ruohoniemi et al. (1991) 2 GBAY Events Samson et al. (1991 Samson et al. ( ,1992 6 GBAY Events Figure 8: Estimates of pulsation frequency occurrence distributions due to KS mode harmonics during non-storm times, assuming either 1. all 7 harmonics are present at all times (red) or 2. one randomly chosen harmonic is present at each time (blue). The harmonics (integer multiples) of the most likely fundamental frequency (c.f. Figure 5 top left) are shown as the vertical dotted lines, with the error bars indicating their interquartile ranges.
